A unit vector field X on a Riemannian manifold determines a submanifold in the unit tangent bundle. The volume of X is the volume of this submanifold for the induced Sasaki metric. It is known that the parallel fields are the trivial minima.
Introduction
Let M n be a closed oriented Riemannian manifold and X a unit vector field defined on M . The volume of X was defined in [GZ] by vol(X) = vol X(M ) , where X : M → T 1 M is seen as a smooth section on the unit tangent bundle T 1 M , endowed with the Sasaki metric, and vol X(M ) is the volume of the submanifold X(M ) ⊂ T 1 M . A metric formula for the volume of a unit vector field X is given by (see [GZ] and [J] ) 
where n =dim(M ), ν is the volume form and
is an orthonormal local frame. It follows from that formula that vol(X) ≥ vol(M ) and equality holds if and only if X is parallel.
Closed Riemannian manifolds do not admit, in general, globally defined parallel vector fields. Hence, one may expect that volume minimizing unit vector fields should be interesting for their symmetric properties. The following problem may be interesting.
Given a closed oriented Riemmannian manifold M with vanishing Euler characteristic, what is the infimum (possibly a minimum) for the volume of all globally defined unit vector fields on M ?
Perhaps, from a geometric viewpoint, the first closed Riemannian spaces to be studied are constant curvature spaces. In this class, the simplest ones are the flat tori and the unit round spheres of odd dimension. Closed spaces with constant negative curvature would come next.
Herman Gluck and Wolfgang Ziller proved the following result.
Theorem ([GZ]). The unit vector fields of minimum volume on S 3 are precisely the Hopf vector fields and no others.
Here, Hopf vector fields on S 3 are unit vector fields tangent to classical Hopf fibrations. Hopf vector fields V H can be defined on any S 2k+1 and it is easy to see, for example [GZ] , that their volume is
Later on, David Johnson showed
Theorem ([J]). Hopf fibrations on the round S 5 are not local minima of the volume functional.
In fact, the method used in this proof may be extended to any S 2k+1 , k ≥ 2. See also [GmLf] for the instability of Hopf flows on spheres of radius r.
So, the problem of minimizing volume functional is open on spheres of odd dimension higher than 3.
A very interesting example of unit vector field defined on S n minus one point was given by Sharon Pedersen [P] . We will denote this vector field by V P . The volume of V P was calculated in [P] and, on the odd-spheres S 2k+1 , is vol(V P ) = √ 2πk vol(S 2k+1 ).
